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Abstract

In these lecture notes, we introduce the replica method from the statistical mechanics of disordered
systems as a powerful heuristic tool for studying models that incorporate random data or parameters.
We take as an illustrative example the computation of the minimum and maximum eigenvalues of an
infinitely large Wishart random matrix, with the goal of providing step-by-step introduction to the
basics of the replica method in cases where no replica symmetry breaking occurs.
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1 Background

In statistical physics and machine learning, one often encounters probability distributions or optimization
problems that depend on external, fixed data. For example, consider least-squares linear regression,
with cost function

E(w;X,y) =
1
2
∥Xw− y∥2 (1)

on weights w ∈ Rd , for covariates X ∈ Rp×d and targets y ∈ Rp. Or, consider the energy function of a
ferromagnet with random defects in its lattice structure, which one might model by a system of spins
s ∈ {−1,+1}n with energy function defined by a sum of interactions of pairs of spins with couplings Ji j:

E(s;J) = −
n
∑

i, j

Ji jsis j . (2)

In null or toy models, these fixed data are often taken to be random samples from some probability
distribution, yielding an ensemble of systems with different realizations of these data. How should one
characterize the behavior of this ensemble? Even evaluating the average behavior over random data
is generally extremely challenging. In the 1970s, statistical physicists working on a class of systems
known as spin glasses developed a heuristic procedure for computing these averages in the limit of large
system size (Anderson 1988; Edwards and Anderson 1975). In the half-century since its introduction,
this procedure, known as the replica method or replica trick, has proved enduringly useful in applications
far removed from its physical roots. Here, we provide an introduction to the replica method through one
of its statistical applications: the minimum and maximum eigenvalues of a random matrix.

2 Preliminaries

To avoid confusion, we briefly record our notational conventions, and warn the reader of impending
abuses thereof. For x,y ∈ Rd , we let x · y =

∑d
j=1 x j y j denote the Euclidean inner product, and

∥x∥ =
p

x · x the corresponding norm. Let Sd−1(
p

d) = {w ∈ Rd : ∥w∥ =
p

d} be the (d − 1)-sphere of
radius

p
d. We denote the n× n identity matrix by In, and the n-dimensional vector with all elements

equal to one by 1n. We will freely interchange differentiation and integration in several places. As we
will note later, this is the least of our worries in terms of mathematical rigor.

3 Wishart matrix eigenvalues and PCA of random Gaussian data

We introduce the replica method through one application to random matrix theory: determining the
asymptotic statistics of the minimum and maximum eigenvalues of a Wishart random matrix. Our choice
of Wishart eigenvalues as a motivating example was inspired in part by a review article by Advani, Lahiri,
and Ganguli (2013), but our presentation will be distinct. For a statistician’s take on this physics-style
computation, see a series of blog posts by Mei (2019).

We will consider standard Wishart matrices M ∈ Rd×d with p degrees of freedom, which for general
p can be defined as follows: Consider p independent and identically distributed samples xµ ∼N (0, Id)
from the standard d-dimensional Gaussian distribution. Then, their empirical uncentered covariance

M=
1
p

p
∑

µ=1

xµx
⊤
µ (3)
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follows a standard Wishart distribution with p degrees of freedom:

M∼Wd

�

1
p

Id , p
�

. (4)

In general, the Wishart distribution is defined by choosing xµ to be independent and identically distributed
samples from an anisotropic Gaussian; here we focus on the isotropic case for simplicity.

We will focus on the high-dimensional asymptotic limit d, p → ∞ with p/d → α ∈ (0,∞). In
keeping with physics terminology, we will refer to this as the thermodynamic limit. As α is the ratio of the
number of samples to the number of dimensions, we will refer to it as the data density. The objective of
studying this limit is to gain intuition for the behavior of sample covariance matrices of high-dimensional
data, for which Wishart matrices are a null model.

Our goal is to compute the statistics of the minimum and maximum eigenvalues of M, which we denote
by λmin(M) and λmax(M), respectively. We will use the min-max characterization of these eigenvalues as
Rayleigh quotients:

λmin(M) = min
w∈Rd ,∥w∥=1

w⊤Mw, λmax(M) = max
w∈Rd ,∥w∥=1

w⊤Mw. (5)

As M is symmetric and positive semidefinite, we have

0≤ λmin(M)≤ λmax(M). (6)

As M has rank at most min{d, p}, we have λmin(M) = 0 if p < d, i.e., if α < 1. If α > 1, we expect M to
be full rank with probability one, and for λmin to be positive. In Appendix A, we make these intuition
more precise, and prove additional simple bounds on λmin and λmax.

Our study of the minimum and maximum eigenvalues is motivated by the fact that λmax(M) has
a natural interpretation in the context of unsupervised learning (Advani, Lahiri, and Ganguli 2013;
Johnstone 2001). Concretely, consider principal component analysis (PCA), which seeks the direction
that maximises the projected variance:

wPCA = argmax
w∈Rd ,∥w∥=1

1
p

p
∑

µ=1

(w · xµ)2. (7)

Expanding the square, it is easy to see by comparison with (5) that wPCA is the eigenvector of M
corresponding to λmax(M). Then, λmax(M) is the variance captured by the first principal component.
Therefore, the asymptotics of Wishart matrix eigenvalues provide a null model for the behavior of PCA
in high dimensions (Johnstone 2001).

4 Statistical mechanics formulation

To employ the replica trick, we first need to frame our analysis as a statistical mechanics problem. We
will first set up the problem for the minimum eigenvalue, and then extend that setup to allow us to
compute the maximum eigenvalue.

We introduce a Gibbs distribution at inverse temperature β > 0 over vectors in Sd−1(
p

d), with
density

p(w;β ,M) =
1

Z(β ,M)
exp[−βE(w,M)]. (8)
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Here,

E(w;M) =
1
2

w⊤Mw (9)

is the energy function associated to the maximization problem (5), and the normalization factor

Z(β ,M) =

∫

Sd−1(
p

d)
dw exp[−βE(w;M)] (10)

is the partition function. Here, we have scaled the energy (9) such that it is extensive (i.e., scales linearly)
in the problem dimensionality d, and included a factor of 1/2 for later notational convenience. From
a physical perspective, we can view this Gibbs distribution as describing the equilibrium statistics of a
system defined by a quadratic energy function with random interactions.1

As β →∞, the Gibbs distribution (8) will concentrate on the ground state of (9), which is the
eigenvector of M corresponding to its minimum eigenvalue. We denote averages with respect to the
Gibbs distribution (8) by 〈·〉β ,M. Then, recalling our definition of E in (9) and the Rayleigh quotient (5),
we have

λmin(M) = lim
β→∞

2
d
〈E〉β ,M = lim

β→∞

∂ f (β ,M)
∂ β

, (11)

where we have defined the reduced free energy per site

f (β ,M) = −
2
d

log Z(β ,M). (12)

We can also use this setup to compute the maximum eigenvalue if we allow for negative temperatures.
We can see that the computation of the maximum eigenvalue is identical up to a sign, and that

λmax(M) = − lim
β→∞

2
d
〈E〉−β ,M = lim

β→∞

∂ f (−β ,M)
∂ β

. (13)

On general grounds, we expect f (β ,M) to be self-averaging in the high-dimensional limit, or, in
mathematical terms, for it to concentrate. Intuitively, this means that the physical properties of a given
realization of the system, with a particular draw of the random matrix M, will with high probability be
the same as the average over M. More precisely, we have

lim
d,p→∞

f (β ,M) = lim
d,p→∞

EM f (β ,M) (14)

with probability one over the distribution of M. Importantly, the partition function Z itself does not
concentrate. This is illustrated by the fact that the annealed approximation log Z(β ,M)≈ logEMZ(β ,M)
yields incorrect predictions for the minimum and maximum eigenvalues, which we show explicitly in
Appendix B.

As they are given in terms of derivatives of the free energy, we similarly expect λmin and λmax to
concentrate, i.e., to have

lim
d,p→∞

λmin(M) = lim
d,p→∞

EMλmin(M) and lim
d,p→∞

λmax(M) = lim
d,p→∞

EMλmax(M) (15)

with probability one over the distribution of M. For Wishart matrices, one can directly prove concentration
of λmin and λmax rigorously (Geman 1980; Silverstein 1985).

1To be precise, this is a spherical spin glass model with a Wishart-distributed interaction matrix. For Gaussian-distributed
interactions, this model was studied by Kosterlitz, Thouless, and Jones (1976).
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5 Introducing the replica trick: the moments of the partition function

With the setup of the previous section, our goal is to compute

lim
d,p→∞

EM f (β ,M) = − lim
d,p→∞

2
d
EM log Z(β ,M), (16)

but it is easy to see that averaging through the logarithm is hard. The replica trick gets around this
obstacle by exploiting the useful identity relating moments of an almost-surely positive random variable
to the expectation of its logarithm, assuming that this limit exists:2

EM log Z(β ,M) = lim
n→0

1
n

logEMZ(β ,M)n. (17)

We now make the first of several leaps of faith: we evaluate the moments EMZ(β ,M)n for non-
negative integer n, and assume that we can later safely analytically continue to n→ 0. Evaluation of
the moments for non-negative integer n allows us to interpret EMZ(β ,M)n as the partition function for
n copies of the original physical system. The existence and uniqueness of an analytic continuation is
not guaranteed in general,3 and determining the choice of analytic continuation is a rich topic for study.
Indeed, determining the correct analytic continuation for the Sherrington-Kirkpatrick spin glass model is
among the contributions to science for which Giorgio Parisi received the 2021 Nobel Prize in Physics.4

However, in the present case it turns out that no such complications arise, and the results obtained here
can be proven rigorously.

5.1 Integrating out the data

With this setup, our first task is to evaluate the moments EMZ(β ,M)n for n a non-negative integer.
Introducing replicas indexed by a = 1, . . . , n, we have

EMZn =

∫

Sd−1(
p

d)
dw1 · · ·

∫

Sd−1(
p

d)
dwnEM exp

�

−
β

2

n
∑

a=1

(wa)⊤Mwa

�

; (18)

we will henceforth not explicitly write the domain of integration over wa. Expanding the definition of M
and using the fact that the columns of X are independent and identically distributed, we have

EM exp

�

−
β

2

n
∑

a=1

(wa)⊤Mwa

�

= EX exp

�

−
β

2p

n
∑

a=1

(wa)⊤XX⊤wa

�

(19)

= EX exp



−
β

2p

n
∑

a=1

(wa)⊤
 

p
∑

µ=1

xµx
⊤
µ

!

wa



 (20)

=

¨

Ex∼N (0,Id ) exp

�

−
1
2

x⊤
�

β

p

n
∑

a=1

wa(wa)⊤
�

x

�«p

(21)

= det

�

Id +
β

p

n
∑

a=1

wa(wa)⊤
�−p/2

(22)

2In the context of quantum information theory, the replica trick often refers to the related identity tr(ρ logρ) =
limn→1 ∂ tr(ρn)/∂ n for ρ a positive definite density matrix. There has recently been significant interest in applications
of this variant of the replica trick, under the memorable name of “replica wormholes” (Almheiri et al. 2021).

3The relevant technical tool is Carlson’s theorem; see for instance van Hemmen and Palmer (1979) or Ogure and Kabashima
(2004).

4See Parisi’s citation here: https://www.nobelprize.org/prizes/physics/2021/parisi/facts/.
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after evaluating the Gaussian integral over x. Using the Weinstein–Aronszajn identity (Horn and Johnson
2012), we can re-write this as a n-dimensional determinant

det

�

Id +
β

p

n
∑

a=1

wa(wa)⊤
�

= det
�

In +
β

α
Q
�

, (23)

where we have defined the n× n overlap matrix

Qab =
1
d

wa ·wb. (24)

Here, we remind the reader that α= p/d. We have therefore obtained

EMZn =

∫

Sd−1(
p

d)×···×Sd−1(
p

d)

n
∏

a=1

dwa det
�

In +
β

α
Q
�−p/2

. (25)

From a physical perspective, averaging over the random matrix M has coupled together the initially
non-interacting copies of the system, because the integrals over different wa cannot be evaluated
independently. Importantly, however, these interactions occur only through the overlaps Q.

5.2 Introducing the order parameters

To allow us to integrate over the vectors {wa}, we will now employ a physicist’s favorite trick: multiplying
by one.5 In less obscure terms, we want to convert the integral over the vectors {wa} into an integral over
the overlaps Q, which can be accomplished by inserting Dirac δ-distributions to enforce the definition
of each element and then integrating over Q. As wa ∈ Sd−1(

p
d), the diagonal elements of the overlap

matrix are identically equal to one, i.e., Qaa = 1. We then write

1=

∫

dQ
n
∏

a,b=1

δ

�

Qab −
1
d

wa ·wb
�

, (26)

where the integral is taken over all n× n real symmetric positive-semidefinite matrices with diagonal
elements equal to unity. Of course, some of these constraints are redundant, but that is not an issue.
Then, we have

EMZn =

∫

dQ det
�

In +
β

α
Q
�−p/2∫ n

∏

a=1

dwa
n
∏

a,b=1

δ

�

Qab −
1
d

wa ·wb
�

. (27)

We observe that, since we’re integrating over Q with Qaa = 1, the δ-distributions automatically enforce
the constraint that wa ∈ Sd−1(

p
d), so we can extend the integrals over wa to all of Rd .

To make further progress, we use the Fourier representation of the δ-distribution,

δ(x) =

∫ +i∞

−i∞

ds
2πi

exp(sx), (28)

to write

n
∏

a,b=1

δ

�

Qab −
1
d

wa ·wb
�

=
1

(4πi/d)n2

∫

dQ̂ exp

 

d
2

tr(QQ̂)−
1
2

∑

a,b

Q̂abwa ·wb

!

, (29)

5Particularly in the context of quantum mechanics, this is usually known as “inserting a resolution of the identity.”
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where the integral is taken over n× n imaginary symmetric matrices Q̂. In the physics literature, the
variables Q̂ab are often referred to as Lagrange multipliers, as they enforce the definitions of Qab. We
note that the particular scaling we have chosen for the Lagrange multipliers will make subsequent steps
easier. We can now factor and evaluate the integrals over the dimensions of the vectors {wa}:

∫ n
∏

a=1

dwa
n
∏

a,b=1

δ

�

Qab −
1
d

wa ·wb
�

(30)

=
1

(4πi/d)n2

∫

dQ̂ exp
�

d
2

tr(QQ̂)
�

∫ n
∏

a=1

dwa exp

 

−
1
2

∑

a,b

Q̂abwa ·wb

!

(31)

=
1

(4πi/d)n2

∫

dQ̂ exp
�

d
2

tr(QQ̂)
�





∫ n
∏

a=1

dwa exp

 

−
1
2

∑

a,b

Q̂abwawb

!





d

(32)

=
(2π)nd/2

(4πi/d)n2

∫

dQ̂ exp
�

d
2

tr(QQ̂)
�

det(Q̂)−d/2, (33)

where we have used the fact that the Gaussian integral makes sense for almost all Q̂ despite the fact it is
an imaginary matrix.

5.3 Saddle-point evaluation

Collecting the results of the previous subsection, we have obtained the expression

EMZn =
1

(4πi/d)n2

∫

dQ dQ̂ exp
�

−
d
2

G(Q, Q̂)
�

, (34)

where

G(Q, Q̂) = α logdet
�

In +
β

α
Q
�

− tr(QQ̂) + log det(Q̂)− n log2π. (35)

At this point, it may appear that we have simply exchanged an intractable integral over the weights
wa for an intractable integral over the matrices Q and Q̂. To get around this obstacle, we now take a
second jump, and assume that we can interchange the limit n→ 0 with the limit d, p→∞. That is, we
assert that

lim
d,p→∞

EM f (β ,M) = − lim
n→0

lim
d,p→∞

2
nd

logEMZ(β ,M)n. (36)

In general, this interchange of limits is not justified; see for instance van Hemmen and Palmer (1979)
and Ogure and Kabashima (2004) for some discussion of these issues.

If we take the thermodynamic limit d, p→∞ for fixed n, we can evaluate the integral over Q and Q̂
using the method of steepest descent. Roughly speaking, this allows us to approximate an integral with a
sharply peaked integrand simply by evaluating the integrand at its maximal value.6 This yields

lim
d→∞
−

2
d

logEMZn = extr
Q,Q̂

G(Q, Q̂), (37)

6More formally, the method of steepest descent is a generalization of Laplace’s method for asymptotic approximation of
univariate real integrals to high-dimensional complex integrals. For a reasonably accessible introduction, see the Wikipedia
page.
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where the notation extrQ,Q̂ means that we should evaluate G at a saddle point, where

∂ G(Q, Q̂)
∂Q

= 0 and
∂ G(Q, Q̂)

∂ Q̂
= 0. (38)

6 Solving the saddle-point equations under a replica-symmetric Ansatz

Using the result of the previous section, we have found that the disorder-averaged reduced free energy
is given as

f = lim
n→0

1
n

extr
Q,Q̂

G(Q, Q̂) (39)

in the thermodynamic limit. Our remaining task is to solve the saddle-point equations and analytically
continue to the n→ 0 limit. To do so, we suppose that Q and Q̂ are of a special form. Heuristically, since
we started out with identical copies of the system, it is reasonable to suppose that the overlaps between
any two copies should be the same, hence we make the Ansatz

Qab =

¨

1 a = b

q a ̸= b
(40)

or, in matrix form,

Q= (1− q)In + q1n1⊤n . (41)

We assume that Q̂ is of a similar form:

Q̂= (Q̂− q̂)In + q̂1n1⊤n . (42)

This is known as the replica-symmetric, or RS, Ansatz. In simple cases—such as the problem at hand—the
RS Ansatz gives the correct analytic continuation to n→ 0, but it does not do so in general. For more
details, see Mézard, Parisi, and Virasoro (1987) or Engel and van den Broeck (2001). Under the RS
Ansatz, we have

1
n

tr(QQ̂) = Q̂− (1− n)qq̂ (43)

and, by the matrix determinant lemma,

det(Q̂) = (Q̂− q̂)n
�

1+
nq̂

Q̂− q̂

�

(44)

and

det
�

In +
β

α
Q
�

= det
��

1+
β

α
(1− q)

�

In +
βq
α

1n1⊤n

�

(45)

=
�

1+
β

α
(1− q)

�n�

1+ n
βq
α

1
1+ β(1− q)/α

�

. (46)

Thus,

f = lim
n→0

extr
q,Q̂,q̂

§

α log
�

1+
β

α
(1− q)

�

+
α

n
log

�

1+ n
βq
α

1
1+ β(1− q)/α

�

− Q̂+ (1− n)qq̂+ log(Q̂− q̂) +
1
n

log

�

1+
nq̂

Q̂− q̂

�

ª

− log(2π). (47)
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We now exchange the limit n→ 0 with the extremization over the replica-symmetric order parameters.
In this simple setting, it is easy to explicitly justify the implied interchange of limits by first extremizing
at finite n and then taking the limit n→ 0. This yields

f = extr
q,Q̂,q̂

§

α log
�

1+
β

α
(1− q)

�

+
βq

1+ β(1− q)/α
− Q̂+ qq̂+ log(Q̂− q̂) +

q̂

Q̂− q̂

ª

− log(2π). (48)

Extremizing with respect to Q̂ and q̂ gives

Q̂− q̂ =
1

1− q
and q̂ = −

q
(1− q)2

. (49)

This yields

f = extr
q

§

α log[1+ω(1− q)] +α
ωq

1+ω(1− q)
− log(1− q)−

1
1− q

ª

− log(2π), (50)

where we have defined ω≡ β/α for brevity.
The minimum eigenvalues are then given by the β →∞ limit of

∂ f
∂ β
=

1+ω(1− q)2

[1+ω(1− q)]2
, (51)

where this expression should be evaluated at the extremizing value of q. The extremum condition is

0=
αω2q

[1+ω(1− q)]2
−

q
(1− q)2

. (52)

This clearly yields a trivial solution q = 0. If α ≠ 1, the remaining non-trivial solutions are determined
by a quadratic equation, and are given as

q± = 1+
1
ω

1
1±
p
α

. (53)

If α= 1, there is a single solution in addition to q = 0,

q1 = 1+
1

2ω
, (54)

which coincides with q+ at α = 1, hence we need not consider it separately, and can simply extend q+ to
all α > 0.

These candidate solutions yield energies

∂ f
∂ β

�

�

�

�

q=0
=

1
1+ω

(55)

and

∂ f
∂ β

�

�

�

�

q=q±

=
�

1±
1
p
α

�2

+
1
αω

, (56)

and, at large |ω|,

f

�

�

�

�

q=0
= α log(1+ω) +O(1) (57)
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and

f

�

�

�

�

q=q±

= (1±
p
α)2ω+O(1). (58)

For ω > 0, the solution q+ is always greater than one, and is therefore unphysical because q ≤ 1.
Similarly, q− is greater than one (and therefore unphysical) for α < 1. This leaves us with q = 0 as the
only physical solution for α≤ 1, and q = 0 and q = q− as our candidates for α > 1. From experience, we
expect (somewhat counter-intuitively) the solution which maximizes f to be physical (Mézard, Parisi,
and Virasoro 1987), hence q = q− for all α > 1. Therefore, we have

λmin =







0, if α≤ 1
�

1−
1
p
α

�2

, if α > 1.
(59)

We now consider the maximum eigenvalue. In this case, we must simply swap the sign of ω. This
immediately means that q = 0 is unphysical, as it yields as value of ∂ f /∂ β that tends to zero from
below as ω→−∞ through negative values of ω. Similarly, q− is unphysical for α > 1. In this case, the
physical solution is given by maximizing − f , hence q = q+ for all α > 0. Therefore, we conclude that

λmax =
�

1+
1
p
α

�2

. (60)

In general, one would at this point have to check whether the replica-symmetric result is correct,
or if replica symmetry breaking (RSB) must be taken into account. In some cases, one can appeal to
general theorems that prove that replica symmetry should be unbroken (Barbier, Panchenko, and Sáenz
2021), while in other cases one must perform direct analytical or numerical checks (Mézard, Parisi,
and Virasoro 1987; Parisi, Urbani, and Zamponi 2020). Thanks to Parisi, there is a generally accepted
systematic procedure for obtaining the correct free energy in systems where RSB occurs. However, we
will not address this rich subject in the present notes, as in this case no RSB occurs. Instead, we direct
the interested reader to books by Mézard, Parisi, and Virasoro (1987) and Parisi, Urbani, and Zamponi
(2020), and to references therein.

7 Conclusions and further reading

We have found that the minimum and maximum eigenvalues of a Wishart matrix (3) should tend almost
surely in the thermodynamic limit to

λmin =







0, if α≤ 1
�

1−
1
p
α

�2

, if α > 1.
(61)

and

λmax =
�

1+
1
p
α

�2

, (62)

respectively. Though we have obtained these results through non-rigorous heuristics, they can be proved
rigorously (Geman 1980; Johnstone 2001; Silverstein 1985).
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From the perspective of PCA, these results represent a sort of illusory structure in high-dimensional
data, as, though the covariance matrix is on average equal to the identity, the fluctuations in its elements
are large enough that its eigenspectrum will not be flat on average. The full limiting eigenspectrum of a
matrix of the form (3) is known as the Marchenko–Pastur distribution. This could be computed using
the replica method, but the calculation is more complicated; we direct the interested reader to a review
by Advani, Lahiri, and Ganguli (2013), a series of blog posts by Mei (2019), and a generalized version of
this computation from our own work (Zavatone-Veth and Pehlevan 2022).

These notes have illustrated the recipe for a replica theory calculation, which has the following rough
steps:

Step 0. Set up the calculation of interest as a statistical mechanics problem. Roughly speaking,
this means expressing quantities of interest as derivatives of the free energy associated
with some partition function, which itself is written as an integral over a high-dimensional
state space.

Step 1. Write the integer moments of the partition function as an average over an integer number
of replicas, and evaluate the data average.

Step 2. Determine the overlaps that describe the resulting interactions between replicas. In-
troduce these overlaps as integration variables using Fourier representations of the
δ-distribution, and integrate out the original state variables. If all has gone well, one
will at this point have an integral that can be evaluated using the method of steepest
descent.

Step 3. Evaluate the saddle-point equations under a replica-symmetric Ansatz.

Step 4. Test the validity of the replica-symmetric predictions. If replica symmetry is unbroken,
then one can declare victory. If it is broken, then one must consider replica symmetry
breaking effects.

Though the replica method is a non-rigorous heuristic, it has proved to be a powerful method for
generating conjectures in high-dimensional statistics. Some of these conjectures have been proven
rigorously,7 while others still defy rigorous treatment.8 For a more detailed treatment of the replica
method and further applications, we direct the reader to the classic monograph by Mézard, Parisi,
and Virasoro (1987), and to more recent books by Engel and van den Broeck (2001), Mézard and
Montanari (2009), Nishimori (2001), and Parisi, Urbani, and Zamponi (2020). For an accessible general
introduction to random matrix theory, see the recent text by Potters and Bouchaud (2020). Finally, some
recent applications of the replica method to machine learning theory are summarized in a review by
Bahri et al. (2020).
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A Elementary bounds on the limiting eigenvalues

In this appendix, we derive some elementary bounds on the limiting eigenvalues, which provide useful
sanity checks of our replica-theory results. Using the definition (3) of a Wishart matrix in terms of
Gaussian random vectors, we can write the Rayleigh quotients (5) as

λmin(M) = min
w∈Rd ,∥w∥=1

1
p

p
∑

µ=1

(w · xµ)2 and λmax(M) = max
w∈Rd ,∥w∥=1

1
p

p
∑

µ=1

(w · xµ)2. (63)

We can then see that λmin(M) = 0 if and only if the minimizing vector w is orthogonal to all xµ, which
is obviously possible if p < d. As a set of Gaussian random vectors is with probability one in general
position (Vershynin 2018), we expect M to be full-rank if p ≥ d, and for λmin to be positive.

We can obtain elementary bounds on the eigenvalues by evaluating the Rayleigh quotients for fixed
test vectors. Choosing a test vector w= (1,0, . . . , 0)⊤, we have

λmin(M)≤
1
p

p
∑

µ=1

(xµ,1)
2 and λmax(M)≥

1
p

p
∑

µ=1

(xµ,1)
2. (64)

As p→∞, the strong law of large numbers implies that

lim
p→∞

1
p

p
∑

µ=1

(xµ,1)
2 = 1 (65)

with probability one (Vershynin 2018). We therefore have that

lim
p→∞

λmin(M)≤ 1 and lim
p→∞

λmax(M)≥ 1 (66)

with probability one. This holds for any d, including in the simultaneous limit d, p → ∞, as the
left-hand-side of the bounds does not depend on d.

B Failure of the annealed approximation

In this appendix, we demonstrate the failure of the annealed approximation

f ≈ fannealed = − lim
d,p→∞

2
d

logEMZ(β ,M) (67)

to accurately predict the minimum and maximum eigenvalues. Evaluating the general formula for the
moments of the partition function after integrating out the data from (25) at n= 1, we have

EMZ =

∫

Sd−1(
p

d)
dw

�

1+
β

α

�−p/2

(68)

= vol[Sd−1(
p

d)]
�

1+
β

α

�−p/2

(69)

using the fact that the single overlap Q11 = 1. This yields

fannealed = α log
�

1+
β

α

�

+ C; (70)
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the constant C = − limd→∞
2
d logvol[Sd−1(

p
d)] can be computed explicitly, but we will not do so as it

does not affect the predicted eigenvalues. Then, the annealed approximation predicts

λmin ≈ lim
β→∞

∂ fannealed(β)
∂ β

(71)

= lim
β→∞

1
1+ β/α

(72)

= 0 (73)

and, similarly, λmax ≈ 0. Comparing these results with (61) and (62), we see that the annealed
approximation for λmin is correct if α ≤ 1 and incorrect otherwise, while the approximation for the
maximum eigenvalue is always incorrect.
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